ON DISTRIBUTIONS OF CERTAIN WIENER FUNCTIONALS®

BY
M. KAC

1. Introduction. The purpose of this paper is to present a unified approach
toward the problem of calculating the distribution function of the Wiener
functional

(1.1) fo Y (a(r))dr

where x(¢) is an element of Wiener’s space (0=<¢< «) and V(x) is subject to
certain restrictions. The most severe of these restrictions is that V(x) be non-
negative, or somewhat more generally, bounded from below.

Our principal result is the following: if o(a; £) is the distribution function
of (1.1), then

(1.2) fo ) fo “exp (—ta — st)duo(ec; it = f_w\b(x)dx,

where ¥(x) is the fundamental solution (Green’s function) of the differential
equation
1 dy

. —— = 0,
(1.3) > It (s 4+ uV(x))y = 0, x #

subject to the conditions
¥(x) =0, x— + oo,
| ¥(x)] < M, x %0,
Y'(+0) — ¢/ (=0) = —2

The existence and uniqueness of such a fundamental solution are parts of the
assertion.

The differential equation (1.3) is quite similar to the equation of Schré-
dinger in quantum mechanics. In fact, the results of this paper were strongly
influenced by the derivation of Schrédinger’s equation which we found in a
hitherto unpublished Princeton Thesis of R. P. Feynman. The principal
motivation behind the investigation of the distribution functions of func-
tionals (1.1) is the following: Let X, X,, - - - be identically distributed ran-
dom variables each having mean 0 and variance 1. Let furthermore
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se=X1+ -+ X

and consider the random variable

(1.4) sy (iﬂ)
% kSae \nl/?

Then, under suitable restrictions on V, and in certain cases some further re-
strictions on the X’s, the limiting distribution of (1.4) is o(e; ¢). (For the
special case V(x)=|x| see [2](?)). Also certain generalizations of the results
of this paper to processes x(¢) other than those of Wiener may prove to be use-
ful in the theory of random noise.

2. Preliminary considerations. Let x(f), x(0) =0, 0=t < o, be elements of
the Wiener space and let V(x) be a piecewise continuous, non-negative func-
tion defined for — o <x< «. Consider the functional

2.1) fo V(x(r))dr.

This functional is measurable and hence it has a distribution function which
we denote by o(a; £). In other words,

(2.2) Prob. { fo V(a()ir < a} = ola; §).

It also follows that for >0,
(2.3) E{exp (—uﬂ V(x(r))dr)} = f:exp (—ua)dao(a; t) = f(u; b).

We see that f(u; t) is a bounded nonincreasing function of ¢ and consequently
the real Laplace transform

(2.4 f”exp (—st)f(u; t)dt = g(u; s), s>0,
0 v

exists.
Now, let # be an integer and consider the sum

(2.5) % L;'V (x (%))

As n— o, the distribution function of this sum approaches the distribution
function o(e; #) of the integral (2.1) at each continuity point of the latter.

Let Gy, Ge, + + « be independent, normally distributed random variables
each having mean zero and variance 1. From the definition of the Wiener

(2) Numbers in brackets refer to the bibliography at the end of the paper.
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measure it follows that the distribution function of (2.5) is the same as that of
1 Gi+ -+ +G
(2.6) _ - >v (Li-_'f)

Thus the distribution function of (2.6) approaches, as n—, o(a; £) at each
continuity point of the latter. Consequently,

2.7 f,.(u} ?) = E{exp(— hudl > V(u)>} — f(u; b).

N kSnt nllz

Since fa.(u; t) and f(u; t) are non-negative and bounded by 1 we also have

that
2.8 ) — 5t fu(u; — ’ - ; , .
2.8) fo exp (— si)f(u; )dt fo exp (—st)f(u; )ds s>0

Noticing that for
k/n=<t<(k+1)/n

one has
falw; 8) = fulu; k/n),
we obtain
0 0 k (k+1) /n
f fa(u; t) exp (—st)dt = f,.(u; -—) f exp (—st)dt
0 k=0 n k/n -
1-— - i k k
= e A (Zs/m) E f,.(u; -——) exp (— —s).
$ k=0 n n
Thus
1= k k—1
(2.9) lim — Y f,.(u; —) exp (— s) = g(u;s), s> 0.
n—so N g=1 n n

In many instances it is possible to show that o(«; £) is not only the limiting
distribution function of (2.6) but also of

1 X PO X
(2.10) — }:‘,V( ikt "),
7 kSt nil?

where the X's are quite general independent, identically distributed, random
variables each having mean 0 and variance 1. In [1] and [3] such proofs
were carried out for V(x)=x2? V(x)= le and V(x)=(1+sign x)/2. The
method of proof is applicable to a wide class of functions but it may be neces-
sary to put further restrictions on the X's.
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For instance, if V(x)=x?" m>1, the method of proof will require the
assumption that the 2mth moment of X; be finite [4].

Instead of trying to state the rather cumbersome conditions under which
one can prove (by the method of [1] and [3]) that the distribution function
of (2.10) approaches o(a; ) we shall simply assume that V(x) is such that the
proof can be carried out. It is, of course, understood that whenever neces-
sary we shall assume that some higher moments of X; are finite.

Given such a V(x), we take for X,'s the random variables for which

Prob. {X; =1} = Prob. {X; = — 1} = 1/2.
Setting

(2.11)  ha(u; ) = E{GXP(— ‘Z‘ kgtV<Xl+ nm = >)}

we obtain, as before,

R - k E—1
(2.12) lim — ) h, (u; —) exp (— s) = g(u; s), s> 0.
n

n—wo N k] n

3. The difference equation. Let 7 = 1/n, A = 1/#'2 and, for m an integer,

3.1) (m) {1/2 if m=1, —1,
. m) =
P 0 otherwise.

Then (suppressing #» and # in some places, for the sake of brevity)
h(kr) = ha(u; k/n)
) k
= 2 exp (—“T > V(miA)>P(m1)P(m2 —m) - -+ p(me — my_)(®).
my

My, i=1

Set

(3.2) ¢(md, kr) = 35 exp (—uf 2 V(mz'A))p("tx) o p(ma — my_y)

Myy o yMp—y
and note that

d(miA, kr) = exp (—urV(md)) 2 ¢(miiA, (k — 1)7)p(me — mi_y).

mp—1

Writing m instead of m; and recalling the definition of p(m) we get
$(mA, kr) = exp (—urV(mA)) {¢((m — 1)A, (k — 1)7)
+ ¢((m + DA, (k — D)} /2, B> 1,

(®) Unless otherwise stated summations are understood to be extended from — « to «,

(3.3
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(3.4) o(mA, 7) = exp (—urV(mA))p(m).

Now,

i o(mA, k) exp (—(k — 1)7s)

k=1

= exp (—urV(mA)) {p<m> + % exp <-sr)§ [6((m — DA, (& — 1)7)

+ 6((n -+ DA, (= )] exp (~ (& = 2sn)}
and setting
x(mA; s) = 72 ¢(mA, kr) exp (—(k — 1)s7)
k=1
we obtain after a few simple transformations

Xm-1 = 2Xm + Xm1 _ €xp {(s+uVa)r} —1

Xxm = — p(m) exp (s7).
27 ) T

Here we use the abbreviations
V= V(ma), xm = x(mA; s).
Introducing the function
3.5) ¥m = Y(mA) = Y(mh; s) = x(mA; s)/A
and noticing that A?2=r we have
1 ¥Ym1— 2+ ¥ _exp {(s+uVa)r} —1 p(m)

(3-6) _2— A? T Yn=—

exp (s7).

Furthermore,

3.7 ——I—Z hn(u;-ﬁ) exp (—k;ls)=Ai:lzm.

N k=1 n M=—c0

4. Passage to the limit. On purely intuitive grounds we see that the dif-
ference equation (3.6) is related to the differential equation
1 d%

(4.1) — — — (s+ uV(x))¥ =0, x # 0.
2 dx?

Furthermore, since the right-hand side of (3.6) behaves singularly near
0 (m=1, —1) we can suspect that ¢¥,=y(mA) will, in the limit A—0, be
related to a solution of (4.1) which exhibits a singularity at x=0. In fact, we
are going to prove that
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4.2) i) = lim AT g = [ " W2,

where Y(x) =y(x; s) is the Green's function (fundamental solution) of (4.1)
satisfying the boundary conditions

¥(x) — 0, x— £ ©

and which is singular at x=0. The proof of this statement will be based on
the method of Courant, Friedrichs and Lewy [5].
. We first notice that (see (3.2))

o(md, kr) S X p(m)p(my — my) - -+ p(m — mi—)

my, e mp—y

= Prob. {X1+ Xz + - -+ + Xi = m}

1 27
- f exp (—img) cos* Edk.
0

‘Thus
Xm T o
Ym = — = — > ¢(mA, kr) exp {—(k - 1)"}
A A 1
<7 f" cos mé cos &
T 27A 1 — cos £ exp (—s7)

T 2r dt T
= f = — (1 — exp (—2s7))"1/2
2zA Jo 1 —costexp(—sr) A

Since, as 7—0 (A?=7), we have
—;- (1 — exp (—2s7))~1/2 — (25)~112,

we see that
4.3)  ¥m < C(s),

where C(s) depends only on s.
From the inequality

0=yn<

T f 2 cos mé cos &

27A 1 — cos £exp (—s7)
we infer that for a fixed 7 (and hence A) we have

“4.4) , Ym—0 as m— + w.

Multiplying both sides of (3.6) by Ay, and summing over 7, we obtain
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Z<¢,,,+1 )'I'AE exp {(s+uVm)r} -1 lﬁfn

2 "m - T

(4.5) exp (s7)

(‘I’l + 'P—-l) ’

after having noticed that (4.4) implies the identity
2 Wt = W+ Ymelm = — 2 Wmr1 — ¥m)?.
From (4.5) and (4.3) it follows that
AY <'p"‘“ ) < 2C(s) exp (s7) < D(s),
where D(s) again depends on s alone. Consider now the functions ¥a(x) whose
graphs are polygonal lines joining the points (mA, ¥.). These functions are

uniformly bounded (see (4.3)), and, moreover, they are equicontinuous. To see
this we write

p—1
| ¥(p2) — ¥(ga) | = | 2= Wms1 — ¥m)

< 0= 0 (o - o.)'] "

< (D) (pA — gA)'.

Thus one can chose a subsequence, from the sequence Y¥(x), which converges
uniformly (in every finite interval) to a continuous function ¥(x). For m=1,
—1 we have (see 3.6)),

1 Ynt = Wt Yms _ exp {6+ w7} — 1

2 A? T

and consequently, if / and » are integers (! <#) both less than —1 or both
greater than 1, we get by double summation

(4 6) __ﬁ_ (n—=DA ¢1— ¥ _ Az’i z’: exp {7(s + uVa)} — 1 ‘o
2 2 A =1 m=] T

If A—0 (through the chosen subsequence) and nA—wx, JA—x, we see that the
right-hand side of (4.6) approaches

z ¢
[+ v

Since Yn—(x), Yi—¥(x0) and (n—I)A—x—x, we see that
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W1 — ¥in)/A
must also approach a limit. Denoting this limit by a(xo) we have from (4.6)

Vo) Ww) (a0

(4.7 5 > 5

z H
(20) = f f (s + uV (x))¥(x)dxds.

Since (4.7) holds for all x and x, which are both less than 0 or both greater

than 0 we infer that for x>0

1 %
dx?

(4.8) vy — (s+ uV(x))y =0, x#0.

It also follows that
4.9) a(x) = dy/dx, x# 0.

Coming back to the difference equation (3.6) we get, for /< —1 and n>1,
by summation

1= ¥a 1 Y=t exp {(s + uVm)r} — 1

—_—— = A m — €X ST).
2 A 2 A Z‘l , 4 p (s7)

In the limit, as nA—x>0 and lA—x,<0, we obtain
1 dy 1 dy

TR TR ) G W@~ 1.

If we now let x—0 from the right and xy—0 from the left we are led to the
equality

(4.10) V(+0) —¥'(-0) = — 2,

which shows that Y(x) is indeed a fundamental solution of (4.8).
We have already seen that

(4.11) ¥m <

T f 2 cos mé cos &
0

2wA 1 — cos £ exp (—s7)

and since it is easy to show that, as A—0, mA—x, the right-hand side of (4.11)
approaches (25)~/2 exp {—(2s)V 2[ x[ } (*) we obtain

(4.12) ¥(@) £ 292 exp {—(29)12] x| }
and, in particular,
(4.13) ¥(x) — 0, x— + oo,

() Write the right-hand side of (4.11) in the form (7/7A) f: (cos m# cos ¢ /(1 —cos £ exp
(—s7))dt and make the substitution £=5A. We then recognize almost immediately that the
integral approaches (2/7) j;' (cos xn/(2s+n?)dn=(25)"V2 exp { —(2:)‘/’] x| }.
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It is also easy to show that
dy
dx

=2

(4.14)

In fact, starting with the difference equation (3.6) and summing over m from
— o to «© we obtain

AY exp {(s + uVa)r} — 1

m T

¥m = exp (s7).

Summing over m from — » to l<—1 we get

_1_ Vi — ¥ > exp {(s + uVm)r} — 1

m < exp (st
5 A Z - ¥ p (s7)

and hence, in the limit A—0, JA—x <0,
d
0= —f <2, x < 0.
dx

Likewise we prove that

ay
0§—'—"§2, x>0.
dx

Conditions (4.13) and (4.14) imply trivially(®) that our fundamental solution
is unique. Much less would insure uniqueness but the corresponding theorem
would be less elementary.

Finally, we must show that

(4.15) lim AY Ym = f °°.p(x)dx.
A-0 m —c0

This, however, follows easily from the estimates (4.11) and (4.12) and from
the fact Ym—Y(x) (mA—x), uniformly in every finite interval.
Actually, the use of the estimate (4.11) can be circumvented. We have

AT Vu= X xn=r X 3 é(mA k) exp (—(k — 1sr)

|mA|>a |mA|>a |mA|>a k=1
=7y exp (—(k—1)s1) 2. o(mA, kr)
k=1 ImA|>a

(5) Assuming the existence of two fundamental solutions ¢, and ¥, we put ¢ =y; —y» and
note that ¢ satisfies the differential equation (4.8) and the conditions ¢—0as x— + o, | ¢’ I <M.
Moreover, ¢'(+0)—¢’(—0)=0. Multiplying the differential equation ¢’’/2—(s+uV(x)¢ =0
by ¢’ and integrating between —4 and B (4>0, B>0) we conclude that ¢=0 by the familiar
trick of integrating by parts and letting A and B approach + .
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and

> é(ma, kr) < Prob. {|X1+--~+Xk| >%}.

|mA|>a

Using Tchebysheff’s inequality we get

kA R
> ¢(mh kr) £ — = =
[mAl>a a? a?
and, finally,
2 o0
A Y vn=l > kexp (—(k — 1sr)
|mA|>a a? o)
(4.16)

_ _1_( T >2< E(s) ,
a*\1 — exp (—s7) a?

where E(s) depends on s alone. Estimate (4.16) together with (4.12) implies
(4.15). If we now recall (2.12) and (3.7) we can write in view of (4.15)

(4.17) olus s) = f " w2,

Let us also remark (following Courant, Friedrichs and Lewy [5]) that the
uniqueness of Y(x) implies that the sequence Y¥a(x) itself, and not merely a
subsequence of it, converges to ¥{x).

5. Inversion and examples. To find o(a; ) one must perform a double
inversion. The inversion with respect to s is usually the easier of the two.
The following remark may sometimes prove useful. If one tries to find the
fundamental solution of the partial differential equation

5.1) —=— — — uV(%)w

by the use of the Laplace transform, then one is led formally to the differential
equation
1 dy

(5.2) T (s + uV(x)¢ =0, x # 0.

On formal grounds one might, therefore, expect that the inversion with re-
spect to s will yield the fundamental solution (which becomes singular at
x=0 for t—0) of (5.1). We do not pursue this connection in a general and
rigorous manner because we feel that not enough would be gained by so
doing. In fact, in most cases, the treatment of (5.1) is anyway reduced to a
treatment of a corresponding Sturm-Liouville problem, that is, essentially to
(5.2).
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We now illustrate the general theory on two examples which were treated
previously by somewhat different methods.
ExAMPLE 1. V(x)=x2 (see [1] and [6]).
We must find the fundamental solution. of
2

14
e (25 + 2ux®)y = 0.

Consider first the corresponding eigenvalue problem

ay
-(};2- — 2ux¥ = Ny

subject to the condition Yy—0, as x— 1 ». Setting
¥ = D(x/a)

we obtain
x x\? x
o (5)+ (e - 2 (3) )2(3) = 0
o e 4 a
Setting
a? = (2u)~1/2/2
we obtain

(-6 )

which we recognize as Weber’s equation. It is well known that in order to
have solutions which vanish at + « one must have

2 @y = =
—_—— u)— = n —
2 2

where #=0,1,2, - . -,
The corresponding eigenfunctions are Hermite functions and one has

f _:D,. (-:7) D, (%) dzx = a(2m)\nl5(m, n).

The fundamental solution we seek is given by the formula

_@min g D, (2/a)D,(0) .
V(=) = 2a Z':’, nl[s + (n + 1/2)(2u)12]

Noticing that
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1
s+ (n+ 1/2)(2u)l/?
and using the formula
- Dn(E)Dn("T)

= f”exp (—st) exp { —(n + 1/2)(24)1/%} dt

> ———exp (—n7)
n=0 n!
£+ g £+ — 2n exp (—7)
=(1— —27))-1/2 _
(1 = exp (=201 exp (5T exp e }
we obtain

#e) = e ({;) [ e =

-exp (— (22)”2 t) (1 — exp (—2(2u)t/%))~1/2

xz
“exp {_ 2a(1 — exp ((2u)1’2t))} at

An easy calculation gives
f Y(x)dx =f exp (—st)(sech (2u)/2%)1/2d¢
—c0 [}

or
f(u; 8) = (sech (2u)/%)1/2,

Some of the above calculations were carried out in a formal manner but they
can be easily justified.

ExXAMPLE 2. V(x) = (1+sign x)/2 (see [3]).

Equation (5.2) for x>0 becomes

1 d%
5 I (s+uy=0
and for x<0
1 d%
T VT
Thus (since ¥ must vanish at + «)
Y(x) = A exp { — (25 + 2u)!/2x}, x>0,
¥(x) = Bexp {(Zs)”zx}, x < 0.

Continuity at x=0 yields 4 =B and the condition
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V'(+0) — ¢ (—0) = — 2
implies
21/2
sU2 4 (s + w)ie )

Thus, after a few minor transformations

f@¢(x)dx = s7U%(s 4 )12,

For sufficiently large s

125 4 )1t = i(—l/Z) wk

k=0 k sk+1

and hence, inverting with respect to s,

flu; ) = é %(_2/2) (ut)*r = %foﬁzexp (—ut cos? 6)d9.

Recalling that
flu; 8) =f exp (—au)d.o(a; 8)
0

we see that o(«; £) is the distribution function of ¢ cos?f in 0 S0 =7/2.
Finally,

2 a\'/?
o(a; f) = — arc sin (—;) , 0<a=st
™
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