
ON DISTRIBUTIONS OF CERTAIN WIENER FUNCTIONALS™

BY

M. KAC

1. Introduction. The purpose of this paper is to present a unified approach

toward the problem of calculating the distribution function of the Wiener

functional

J 0

(1.1) Vixir))dr
J o

where x(i) is an element of Wiener's space (OíS¿< <») and F(x) is subject to

certain restrictions. The most severe of these restrictions is that Vix) be non-

negative, or somewhat more generally, bounded from below.

Our principal result is the following: if cria; t) is the distribution function

of (1.1), then

/,   CO      p  CO y»  00

exp ( — UOL — st)da<ria; t)dt =   I     \//ix)dx,
o   J o «7 —m

where xpix) is the fundamental solution (Green's function) of the differential

equation
1 ¿V

(1.3) -is + uVix))t = 0, xj¿0,
2 dx2

subject to the conditions

Ipix) —>0, *—♦ ±   oo,

I fix) I < M, X9^0,

*'(+0) - ¿'(-0) = _ 2

The existence and uniqueness of such a fundamental solution are parts of the

assertion.

The differential equation (1.3) is quite similar to the equation of Schrö-

dinger in quantum mechanics. In fact, the results of this paper were strongly

influenced by the derivation of Schrödinger's equation which we found in a

hitherto unpublished Princeton Thesis of R. P. Feynman. The principal

motivation behind the investigation of the distribution functions of func-

tionals (1.1) is the following: Let X\, X2, • • • be identically distributed ran-

dom variables each having mean 0 and variance 1. Let furthermore
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Sk = Xi + • • • + Xk

and consider the random variable

(1.4) i £*(•£).
W     tan*      WV

Then, under suitable restrictions on V, and in certain cases some further re-

strictions on the X's, the limiting distribution of (1.4) is cria; t). (For the

special case F(x) = |x| see [2](2)). Also certain generalizations of the results

of this paper to processes x(¿) other than those of Wiener may prove to be use-

ful in the theory of random noise.

2. PreUminary considerations. Let xit), x(0) =0, 0g/< as, be elements of

the Wiener space and let F(x) be a piecewise continuous, non-negative func-

tion defined for — oo <x< «j. Consider the functional

(2.1) f    Vixir))dr.
J o

This functional is measurable and hence it has a distribution function which

we denote by <r(a; t). In other words,

(2.2) Prob.  <   f   Vixir))dT < a\  = <r(a; t).

It also follows that for w>0,

(2.3) E<exp(-uf   F(x(r))<fr j i  =   í    exp i-ua)dacria; t) = /(w; t).

We see that/(M; /) is a bounded nonincreasing function of / and consequently

the real Laplace transform

(2.4) j    exp i-st)fiu;t)dt = giu;s), s > 0,
J o

exists.

Now, let n be an integer and consider the sum

(2.5) -   Zv(x(-)).
n   k^nt    \   \n//

As m—> oo, the distribution function of this sum approaches the distribution

function o~ia; t) of the integral (2.1) at each continuity point of the latter.

Let G\, Gi, • • • be independent, normally distributed random variables

each having mean zero and variance 1. From the definition of the Wiener

(2) Numbers in brackets refer to the bibliography at the end of the paper.
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measure it follows that the distribution function of (2.5) is the same as that of

n   fcáni    \ n1'2 /

Thus the distribution function of (2.6) approaches, as «—><», a(a; t) at each

continuity point of the latter. Consequently,

(2.7,  /,(„„) - b{- p(- f S if' + a„,+C'))} -.je, 0.

Since/„(m; /) and/(«; /) are non-negative and bounded by 1 we also have

that

/» CO y» 00

exp i-st)fniu; t)dt-+ |     exp (-«/)/(«; /)<«, 5 > 0.
o «7 o

Noticing that for

ft/» g < < ik + 1)/«

one has

fniu; t) = /„(«; k/n),

we obtain

/>oo °°      /      k\   r (*+1)/n
/„(«; 2) exp i — st)dt = 22 /„(«; —)  | exp i~st)dt

0 fc-0 V » }  J k/n

X)m m; — ) exP ( —*)•
k~o     \      n / \     n   /

kl

1 — exp i — s/n)

s

Thus

1   M       /      ft \ /     ft — 1   \
(2.9) lim — £/«(«; — ) exp (-s) = giu;s), s > 0.

«->» » fc-i     \      » / \ n      /

In many instances it is possible to show that aia; t) is not only the limiting

distribution function of (2.6) but also of

1    ^     / Xi + • • • + Xk
(2.10) i Tv(-

n     k£nl      \

where the X's are quite general independent, identically distributed, random

variables each having mean 0 and variance 1. In [l] and [3] such proofs

were carried out for V"(x)=x2, F(x) = |x| and F(x) = (l+sign x)/2. The

method of proof is applicable to a wide class of functions but it may be neces-

sary to put further restrictions on the X's.
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For instance, if V(x)=x2m, m>l, the method of proof will require the

assumption that the 2mth moment of X¡ be finite [4].

Instead of trying to state the rather cumbersome conditions under which

one can prove (by the method of [l] and [3]) that the distribution function

of (2.10) approaches cr(a; t) we shall simply assume that V(x) is such that the

proof can be carried out. It is, of course, understood that whenever neces-

sary we shall assume that some higher moments of X¡ are finite.

Given such a V(x), we take for X/s the random variables for which

Prob. {X¡= l) = Prob. {Xj= - l} = 1/2.

Setting

we obtain, as before,

I   °°       /      k\ /     ft — 1   \
(2.12) lim — 22 hAu;— ) exp (-s) = g(u; s), s > 0.

„->« n k=i     \      n / \ n      /

3. The difference equation. Let r = 1/ra, A = l/w1/2 and, for m an integer,

« u r ï      /1/2   if   m=i' ~1'
(3.1) p(m) =  \ .

I 0      otherwise.

Then (suppressing n and u in some places, for the sake of brevity)

h(kr) = hn(u; k/n)

~    22      exP ( — UT S VintjA) Jp(wi)p(»î2 - «i) • • ■ pintk — mk-i)i3).

Set

(3.2) 4>imkA, ftr) =      J2      exp Í — Mr 22 F(»î,A) Jp(wi) • • • p(wi — wfc_i)

and note that

<j>imkA, ftr) = exp ( — urVimkA)) 22 <¡>imk-iA, (ft — l)r)pimk — rtik-i).
">k-l

Writing m instead of mk and recalling the definition of p(w) we get

<t>imA, ftr) = exp i-UTVimA)){(biim - 1)A, (ft - 1)t)

+ <b((m+ 1)A, (ft- 1)t)}/2, ft>l,

(3) Unless otherwise stated summations are understood to be extended from — « to  ».
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(3.4) 4>(mA, t) = exp ( — urV(mA))p(m).

Now,

CO

22 <b(mA, kr) exp (—(ft — l)rs)
k=l

il x

= exp i-urVimà)) <p(») H-exp i~sr) 22 [*((*» - 1)A, O - l)r)
l 2 t_2

+ <t>iim + 1)A, (ft - l)r)] exp (-(ft - 2)5r)l

and setting

00

ximA; s) = t 22 #(i»A, ftr) exp (—(ft — 1)st)

we obtain after a few simple transformations

Xm-l  —   2%m +  Xm+1 eXp   { (s +  UV m)r }    —   1
Xm = - p(w) exp (st).

2r T

Here we use the abbreviations

Vm = VimA),        xm — ximA; s).

Introducing the function

(3.5) \pm = ipimA) = \p(mA; s) = x(*»A; s)/A

and noticing that A2 = t we have

1 tm-i - 2^m + \f/m+i      exp {(s + uVm)r] — 1 p(w)
(3.6) —-tm =-— exp (st).

2 A2 t A

Furthermore,

1 /ft\ /ft — 1   \ °°
(3.7) — 22m«; — )exP(-»  =¿Er..

»   *-l V »/ \ « / ».=-00

4. Passage to the limit. On purely intuitive grounds we see that the dif-

ference equation (3.6) is related to the differential equation

1 dhj,
(4.1) _ (s + „VM)* = 0, x^O.

2 dx2

Furthermore, since the right-hand side of (3.6) behaves singularly near

0 irn = l, —1) we can suspect that if»i=f(mA) will, in the limit A—>0, be

related to a solution of (4.1) which exhibits a singularity at x = 0. In fact, we

are going to prove that
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(4.2) giu; s) = lim A 22^™ =  I    Hx)dx,
A->0 m «/-oo

where ^(x)=^(x; s) is the Green's function (fundamental solution) of (4.1)

satisfying the boundary conditions

\¡/ix) —-> 0,        x —> ± co

and which is singular at x = 0. The proof of this statement will be based on

the method of Courant, Friedrichs and Lewy [5].

We first notice that (see (3.2))

<¡>imA, kr) ^      22      p(oti)p(ot2 — «i) • • • pirn — mj_i)
">!,• • -,mk-i

= Prob. {Xi + X2+ • • ■ + Xk = m}

, 2ir

exp i—im£) cos* £d£.-if2x J 0

Thus

Xm T     W

ypm = -= — 22 <t>imA, ftr) exp { — (ft — l)sr}
A A h-i

12r        cos mí cos £
T f" I

2tA Jo     1 — cos £ exp ( — st)

t     r2r ¿£ t

2xA Jo     1 — cos £ exp ( — st)       A

Since, as r—>0 (A2=r), we have

— (1 - exp (-2sr))-i/2 -» (2s)-1'2,
A

we see that

(4.3) *«<C(s),

where Cis) depends only on s.

From the inequality

r     c 2*        cos ra£ cos £
0g^<-- ¿£

2îtA Jo     1 — cos £ exp ( — st)

we infer that for a fixed r (and hence A) we have

(4.4) \pm —> 0    as   w —> ± 00.

Multiplying both sides of (3.6) by A\pm and summing over m, we obtain
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A        /Vm+i — lAm\2        ^-^ exp {(s + uVm)r}  — 1     2

(4.5) -   m V       A       ' "

exp (sr) M J- J. ï

2

after having noticed that (4.4) implies the identity

22   (^m-l —   2^m + i'm-^m  =   ~   22  tym+l ~ í'm)2.

From (4.5) and (4.3) it follows that

AZ(^'^j< 2CW exp f» < ZW»,

where Dis) again depends on 5 alone. Consider now the functions ^(jc) whose

graphs are polygonal lines joining the points (mA, \f/m). These functions are

uniformly bounded (see (4.3)), and, moreover, they are equicontinuous. To see

this we write

I MpA) - tiqA) I = ! £ «Wi - *»)

^ (7>-g)1/2[Z(^+i-^)2]

< (D(s)yi2ipA - qA)1'2.

1/2

Thus one can chose a subsequence, from the sequence ^a(x), which converges

uniformly (in every finite interval) to a continuous function ^(x). For ra^l,

— 1 we have (see 3.6)),

1   i'm-i — 2\f/m + ^m+i       exp {is + wFm)r} — 1
- =  -i'm

22 A

and consequently, if I and w are integers (l<n) both less than —1 or both

greater than 1, we get by double summation

.'.  ,.  <K      ^1       in - l)A   ft - #!_i <Ç*   '   exp {r(s + uVm)} - 1  ,
(4.6) _ - —-— = a2 22 22-1*.

Í L L A ¡=i OT_j r

If A—»0 (through the chosen subsequence) and «A—>x, /A—>Xo we see that the

right-hand side of (4.6) approaches

f     f   is + uVix))4ix)dxdl
J   Xri    J   XnXQ     V     XQ

Since ^n—^ix), ypi~>^(x0) and (n~l)A~^x — x0 we see that
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a>t - ti-i)/A

must also approach a limit. Denoting this limit by a(x0) we have from (4.6)

^(x)      ^(x0)       (x — xo) rx   Ck
(4.7) —- - ——?- -- «(*„) =|      I    is + «F(x))^(x)¿x¿£.

2 2 2 J i0 J i0

Since (4.7) holds for all x and x0 which are both less than 0 or both greater

than 0 we infer that for x ¿¿ 0

(4.8) ^--^ - (s + uV(x))t = 0, x^O.
2   dx2

It also follows that

(4.9) a(x) = dip/dx, x ^ 0.

Coming back to the difference equation (3.6) we get, for l<— 1 and »>1,

by summation

1 ^n+i - tn       1   4>i - l^i-i "   exp \(s + «Fm)r} - 1
—-—-= A 2, -$m - exp (sr).
2 A 2 A m=i t

In the limit, as wA—»x>0 and /A—>x0<0, we obtain

1 #      1   # f*
-        =1     (s + uV(x))4(x)dx — 1.
2 áx      2   dxx=Xo      J xo

If we now let x—>0 from the right and x0—>0 from the left we are led to the

equality

(4.10) ^(+0) ->'(-0) - - 2,

which shows that ^(x) is indeed a fundamental solution of (4.8).

We have already seen that

:i/„*—

cos w£ cos £

2irA J0     1 — cos £ exp ( — st)

and since it is easy to show that, as A—»0, raA—>x, the right-hand side of (4.11)

approaches (2s)_1/2 exp {—(2s)1/2|x| }(4) we obtain

(4.12) 4*(x) g (2s)-1'2 exp {-(2s)x'2| x| }

and, in particular,

(4.13) 4(x)-^0,        x-> + oo.

(4) Write the right-hand side of (4.11) in the form (r/irA)/*(cos jn£ cos £ /(l—cos £ exp

(— sr))d£ and make the substitution £ = ?;A. We then recognize almost immediately that the

integral approaches (2/r)f'(cos xr¡/(2s+rf1))dTi = (2s)~1'i exp { — (2i)v,|x| }.
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It is also easy to show that

(4.14)
dx

< 2.

In fact, starting with the difference equation (3.6) and summing over m from

— oo to oo we obtain

A^   exp {(s + uVm)r\ - 1
A 2_, -i'm = exp (st).

m •

Summing over m from — oo to l< — 1 we get

1 4>i+i -4>i „exp {is + uVm)r] - 1
—-= A 2^ -i'm < exp (st)
2 A mg¡ r

and hence, in the limit A—*0, ZA—»x<0,

#
0 g — ^ 2, x < 0.

dx

Likewise we prove that

dé
Og-á 2, x>0.

¿x

Conditions (4.13) and (4.14) imply trivially(6) that our fundamental solution

is unique. Much less would insure uniqueness but the corresponding theorem

would be less elementary.

Finally, we must show that

(4.15) lim A22 i'm =  I    4>ix)dx.
A->0 m J -oo

This, however, follows easily from the estimates (4.11) and (4.12) and from

the fact i/m—»#(«) (fwA—>x), uniformly in every finite interval.

Actually, the use of the estimate (4.11) can be circumvented. We have

00

A    22    i'm =     22    Xm = r     22      22<^(WA, ftr) exp (—(ft — l)sr)
\mA\>a |mA|>a |mA|>a    &=1

oo

= t22 exP ( — ik — l)iT)     2^    <¡>imA, kr)
k—l |mA|>a

(6) Assuming the existence of two fundamental solutions \pi and fa we put <j> = ^i — ̂ i and

note that <j> satisfies the differential equation (4.8) and the conditions </>—>0 as x—* + oo, \<f>'\ <M.

Moreover, 0'(+O) — tf>'( —0)=0. Multiplying the differential equation <t>"/2 — (s+uV(x)<t>=0

by <j>' and integrating between —A and B (A>0, B>0) we conclude that 0=0 by the familiar

trick of integrating by parts and letting A and B approach + oo.
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and

22    <t>imA, kr) g. Prob. \\Xi+-\- Xk \ > — 1 .
|mt\|>a V A)

Using Tchebysheff's inequality we get

ftA2      ftr
22     0(wA, ftr) ̂

|mA|>o O*

and, finally,
T2     eo

A   22   i'm g — 22^ exp (-(ft - 1)st)
a2 k-i

-i(_v—y<—a2 M — exp ( — st)/        a2

(4.16) ""Al>a

exp ( — st),

where £(s) depends on s alone. Estimate (4.16) together with (4.12) implies

(4.15). If we now recall (2.12) and (3.7) we can write in view of (4.15)

/00

¿ix)dx.

Let us also remark (following Courant, Friedrichs and Lewy [5]) that the

uniqueness of ^(x) implies that the sequence ^¿(x) itself, and not merely a

subsequence of it, converges to ip(x).

5. Inversion and examples. To find o-(a; t) one must perform a double

inversion. The inversion with respect to s is usually the easier of the two.

The following remark may sometimes prove useful. If one tries to find the

fundamental solution of the partial differential equation

du      1   d2oj
(5.1) - = T- -uVix)co

dt       2   dx2

by the use of the Laplace transform, then one is led formally to the differential

equation

1 dhb
(5.2) T-./-—--T- {s+ uVix))i =0, x r* 0.

2 dx2

On formal grounds one might, therefore, expect that the inversion with re-

spect to s will yield the fundamental solution (which becomes singular at

x = 0 for t—>0) of (5.1). We do not pursue this connection in a general and

rigorous manner because we feel that not enough would be gained by so

doing. In fact, in most cases, the treatment of (5.1) is anyway reduced to a

treatment of a corresponding Sturm-Liouville problem, that is, essentially to

(5.2).
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We now illustrate the general theory on two examples which were treated

previously by somewhat different methods.

Example 1. F(x)=x2 isee [l] and [6]).

We must find the fundamental solution, of

d2i>
-(2s + 2ux2)i> = 0.
dx2

Consider first the corresponding eigenvalue problem

d2i>
-2ux2i> = \i>
dx2

subject to the condition y¡>—»0, as x—*+ a>. Setting

4> = Dix/a)

we obtain

Setting

a2 = (2m)-1'2/2

we obtain

which we recognize as Weber's equation. It is well known that in order to

have solutions which vanish at ± =o one must have

X 1
-(2m)-1'2 = n -\-

2 2

where n = 0, 1, 2, • • • .

The corresponding eigenfunctions are Hermite functions and one has

f  Dm(— )A»(— )dx = a(2x)1'2M!5(w, n

The fundamental solution we seek is given by the formula

(2r)-i/2   - Dnix/a)DniO)
¿(x) = — — 22

)•

2a      „To n\[s + (n + 1/2)(2«)1'21

Noticing that
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,     ,   ,/0V1 u„ =  f "«P ("«O exp {-(» + l/2)(2«)i/2i}d/
(» + l/2)(2w) '        J o5 +

and using the formula

-      DniODniv) , .
2_ -•-exp i-nr)
n-0 »!

M (    ,^ /*' + A /      £2 + r,2 - 2ft exp (-r))
= (1 -exp (-2t))  l'2expf —-) exp \-—-——-\

\     4     / { 2(1 - exp (-2r))      )

(2:r)-1/2 / x2\   C -
4ix)= - exp ( — J J    exp ( - st)

2a

/
expf - ¿j(l - exp (-2(2w)1/20)~1/2

f                      x% )
• exp <-> dt.

I     2«(1 - exp ((2m)1'2î))/

An easy calculation gives

/» OO f% 00

I    iK*)dx =  I     exp (-s/)(sech (2«)1/201/2<^
J —oo Jo

or

/(«; í) = (sech (2m)1'2/)1'2.

Some of the above calculations were carried out in a formal manner but they

can be easily justified.

Example 2. F(x) = (l+sign x)/2 (see [3]).

Equation (5.2) for x>0 becomes

1 ¿V
-(s + u)i> = 0
2 dx2

and for x<0

1 d2i>
-si- = 0.
2 dx2

Thus (since \j/ must vanish at + oo )

i>ix) = A exp {-i2s+2uyi2x}, x > 0,

i>ix) = B exp {(2s)1'2x}) x < 0.

Continuity at x = 0 yields A =B and the condition
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*'(+0) - 4" (-0) = - 2

implies

2l/2

A =
sll2+ (s + m)"2

Thus, after a few minor transformations

f   4>ix)dx = s-1^ + u)-1'2.
J —00

For sufficiently large s

" /-l/2\   uk
r«c + »)-"-£( , )-^

and hence, inverting with respect to s,

*  i /-i/2\ 2 r"
/(«; 0 = 22 — ( ) («*)* = — I       exp (-wi cos2 0)d0.

a=o  ft ! \    ft   / x J o

Recalling that

/(«; /) =  f     exp ( —atí)á„<r(a; <)
J o

we see that <r(a; t) is the distribution function of t cos20 in Ogdgir/2.

Finally,

2 /aV'22 /«V2
cr(a:; /) = —■ arc sin ( — )    , 0 ^ a | /.

7T \f /
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